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Exercise 1
The minimal subset is the following: {𝐵, 𝐸, 𝐻 , 𝐾, 𝐿}

Exercise 2
1)

2)

Function calls

𝑏0 is the body of 𝑓 and 𝑥𝑖 are the 𝑛 parameters of 𝑓

𝑏0[𝑥1 ∶= 𝑡1] −→ 𝑏1 … 𝑏𝑛−1[𝑥𝑛 ∶= 𝑡𝑛] −→ 𝑏𝑛

𝑓 (𝑡1, … , 𝑡𝑛)⇝ 𝑏𝑛

&& operator
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𝑡1 ⇝ 𝑡
′
1

𝑡1 && 𝑡2 ⇝ 𝑡
′
1 && 𝑡2

𝑏 is a boolean and 𝑡2 ⇝ 𝑡
′
2

𝑏 && 𝑡2 ⇝ 𝑏 && 𝑡
′
2

𝑏 is a boolean

𝑡𝑟𝑢𝑒 && 𝑏⇝ 𝑏

𝑏 is a boolean

𝑓 𝑎𝑙𝑠𝑒 && 𝑏⇝ 𝑓 𝑎𝑙𝑠𝑒

+ operator
𝑡1 ⇝ 𝑡

′
1

𝑡1 + 𝑡2 ⇝ 𝑡
′
1 + 𝑡2

𝑛 is an integer and 𝑡2 ⇝ 𝑡
′
2

𝑛 + 𝑡2 ⇝ 𝑛 + 𝑡
′
2

𝑛1, 𝑛2 are integers 𝑛1 + 𝑛2 = 𝑛3

𝑛1 + 𝑛2 ⇝ 𝑛3

== operator
𝑡1 ⇝ 𝑡

′
1

𝑡1 == 𝑡2 ⇝ 𝑡
′
1 == 𝑡2

𝑛 is an integer and 𝑡2 ⇝ 𝑡
′
2

𝑛 == 𝑡2 ⇝ 𝑛 == 𝑡
′
2

𝑛1, 𝑛2 are integers 𝑛1 = 𝑛2

𝑛1 == 𝑛2 ⇝ 𝑡𝑟𝑢𝑒

𝑛1, 𝑛2 are integers 𝑛1 ≠ 𝑛2

𝑛1 == 𝑛2 ⇝ 𝑓 𝑎𝑙𝑠𝑒

If/else
𝑡1 ⇝ 𝑡

′
1

𝑖𝑓 (𝑡1) 𝑡2 𝑒𝑙𝑠𝑒 𝑡3 ⇝ 𝑖𝑓 (𝑡
′
1) 𝑡2 𝑒𝑙𝑠𝑒 𝑡3
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𝑖𝑓 (𝑡𝑟𝑢𝑒) 𝑡2 𝑒𝑙𝑠𝑒 𝑡3 ⇝ 𝑡2

𝑖𝑓 (𝑓 𝑎𝑙𝑠𝑒) 𝑡2 𝑒𝑙𝑠𝑒 𝑡3 ⇝ 𝑡3

Exercise 3
1) At each step we apply one of the rules. Note that we do not reduce the terms inside the

body of a lambda.

(𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) ((𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) (𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧))

(𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) (𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧) 𝑠 𝑧))

𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧) 𝑠 𝑧)) 𝑠 𝑧)

2) We only need two rules (in total) for the new semantics:

𝑡1 ⇝ 𝑡
′
1

𝑡1 𝑡2 ⇝ 𝑡
′
1 𝑡2 (App1)

(𝜆𝑥. 𝑡1) 𝑡2 ⇝ 𝑡1[𝑥 ↦ 𝑡2] (AppAbsByName)

We can now evaluate our expression:

(𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) ((𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) (𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧))

𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) (𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧) 𝑠 𝑧)

3) We need a rule that allows us to reduce the body of a lambda. We add the following

rule:

𝑡1 ⇝ 𝑡
′
1

𝜆𝑥. 𝑡1 ⇝ 𝜆𝑥. 𝑡
′
1 (AbsBody)

We now obtain, as expected:

(𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) ((𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) (𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧))

𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑛. 𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑛 𝑠 𝑧)) (𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧) 𝑠 𝑧)

𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧) 𝑠 𝑧)) 𝑠 𝑧)

𝜆 𝑠. 𝜆 𝑧. 𝑠 ((𝜆 𝑧. 𝑠 ((𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧) 𝑠 𝑧)) 𝑧)

𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑠 ((𝜆 𝑠. 𝜆 𝑧. 𝑠 𝑧) 𝑠 𝑧))

𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑠 ((𝜆 𝑧. 𝑠 𝑧) 𝑧))

𝜆 𝑠. 𝜆 𝑧. 𝑠 (𝑠 (𝑠 𝑧))
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